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We model tri-bimaximal lepton mixing from first principles in a way that avoids the problem
of the vacuum alignment characteristic of such models. This is achieved by using a softly broken
A4 symmetry realized with an isotriplet fermion, also triplet under A4. No scalar A4-triplet is
introduced. This represents one possible realization of general schemes characterized by the minimal
set of either three or five physical parameters. In the three parameter versions mee vanishes, while
in the five parameter schemes the absolute scale of neutrino mass, although not predicted, is related
to the two Majorana phases. The model realization we discuss is potentially testable at the LHC
through the peculiar leptonic decay patterns of the fermionic and scalar triplets.
PACS numbers: 11.30.Hv 14.60.-z 14.60.Pq 14.80.Cp
So far the historical discovery of neutrino oscillations
constitutes the only indication of physics beyond the
standard model. It is especially intriguing that the pat-
tern of neutrino mixing angles [1] implied by current neu-
trino data is in sharp contrast with the structure of the
Cabibbo-Kobayashi-Maskawa quark mixing matrix [2].
Current data do not yet fully determine the absolute scale
of neutrino masses, nor do they shed any light on the im-
portant issue of leptonic CP violation [3, 4].
Lacking a basic theory of flavor and the origin of mass
it is useful to have theoretical models restricting the pat-
tern of fermion masses and mixings and providing guid-
ance for future experimental searches. A successful phe-
nomenological ansatz for leptons has been proposed by
Harrison, Perkins and Scott (HPS) and is given by [5]
UHPS =


√
2/3 1/
√
3 0
−1/√6 1/√3 −1/√2
−1/√6 1/√3 1/√2

 (1)
which corresponds to
tan2 θatm = 1, sin
2 θChooz = 0, tan
2 θsol = 0.5,
providing a good first approximation to the values indi-
cated by current neutrino oscillation data.
In this note we discuss the general form of the effec-
tive neutrino mass operator which yields tri-bimaximal
lepton mixing UHPS. In general it is characterized by 5
physical parameters. These determine the two neutrino
mass square differences measured in current neutrino os-
cillation experiments. The third neutrino mass parame-
ter, namely the absolute scale of neutrino masses, though
not strictly predicted, correlates with the remaining two
free parameters, namely two Majorana phases. Hence
these would be indirectly tested by probing the absolute
scale of neutrino mass in beta decay endpoint studies,
neutrinoless double beta decay (0νββ ) searches [6, 7], or
cosmology [8].
We provide a possible gauge-theoretic realization based
on the non-abelian discrete A4 flavour symmetry. All A4
models predicting UHPS lepton mixing, need at least two
A4-triplets whose vacuum expectation values (vevs) have
different A4-alignments. Different papers have empha-
sized this problem [9, 10, 11, 12]. In order to account
for such alignments, extra-dimensions [13, 14] and/or su-
persymmetry [15, 16] have been invoked. Here we show
how UHPS mixing can be obtained with just A4 Higgs
singlets in the framework of a softly broken A4 theory.
The model is similar in spirit, but inequivalent to the one
suggested in Ref. [9].
We start by noting that if Mν is
Mν =


x(1 + α) y(1 + α) y(1 + α)
y(1 + α) x+ αy y + αx
y(1 + α) y + αx x+ αy

 (2)
in the basis where charged leptons are diagonal, the lep-
ton mixing matrix is UHPS independently of the values
of x, y and α, since it is µ ↔ τ exchange invariant and
Mν11 = Mν22 +Mν23 −Mν13 . Here x, y and α are three
2complex free parameters. In such “weak-basis” the phys-
ical parameters can be chosen as their moduli |x|, |y|, |α|,
the phase of α, which we denote with δ1 and the relative
phase between x and y, denoted as δ2. The eigenvalues
of Mν are
m1 = (1 + α)(x − y),
m2 = (1 + α)(x + 2y),
m3 = (1− α)(x − y). (3)
Note that, the vanishing of θ13 removes the possibility of
Dirac-type leptonic CP violation. Hence the two phases
δ1 and δ2 are directly (but not trivially) related to the
two physical Majorana phases of the lepton mixing ma-
trix [17]. On the other hand we can rewrite the moduli
|x|, |y|, |α| as the three neutrino mass parameters, which
may be chosen as the two mass square splittings that
enter the oscillations,
|m3|2 − |m1|2 = ∆m2atm =
= −4|α| cos δ1(|x|2 + |y|2 − 2|x||y| cos δ2),
|m2|2 − |m1|2 = ∆m2sol =
= 3(1 + 2|α| cos δ1 + |α|2)(2|x||y| cos δ2 + |y|2),
(4)
plus the absolute mass scale that governs neutrinoless
double beta decay
|mee|2 = |x|2(1 + 2|α| cos δ1 + |α|2). (5)
First we note that in the limit |y| = 0 the neutrino
mass matrix (2) is diagonalized by a maximal rotation in
the 23 plane, but the “solar sector” is clearly inconsistent
with experiment. On the other hand, when |α| = 0 the
unitary diagonalizing matrix can not be fixed since there
are two degenerate eigenvalues. Thus |α| 6= 0 and y 6= 0
are required by experimental data. In contrast |x| can be
taken equal to zero, in fact in this case the three eigen-
values are distinct and the neutrino mass matrix Mν is
still diagonalized by the UHPS matrix. The most relevant
phenomenological consequence of taking |x| = 0 is that
the neutrinoless double beta decay amplitude ∝ mee is
zero, see Eq. (5).
We can solve the system in Eq. (4) with respect to |x|
and |y| and writem1,2,3 andmee as function of δ1, δ2 and
|α|. For any value of cos δ2, we have three possibilities:
i) for cos δ1 ∼ 0 we have |m1| ∼ |m3| that correspond
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FIG. 1: |m1| (solid green), |m2| (small dashed dark), |m3|
(solid blue) and |mee| (large dashed red) vs cos δ1 with |α| =
1.1 and cos δ2 = 1.
to the degenerate spectrum, ii) if cos δ1 < 0 we have
|m1| < |m3| or normal hierarchy and iii) if cos δ1 > 0
we have |m1| > |m3| or inverse hierarchy. These cases
are illustrated in Fig. (1) where we plot the three masses
versus cos δ1 for a fixed value of |α| and cos δ2. We note
that for α ∼ 0 we have only the degenerate case since
|m1| ∼ |m3|.
The rate for neutrinoless double beta decay (5) van-
ishes when |x| = 0. Solving the system in Eq. (4) for
|x| = 0 we find the relation
cos δ1 = − 3(1 + |α|
2)
2|α|(3 + 2r) (6)
where r = ∆m2sol/∆m
2
atm. This special point corre-
spond to the narrow dip in Fig. (1). By changing the
value of |α| in Eq. (6) we have −1 ≤ cos δ1 < −0.975
for 0.8 < |α| < 1.24 (we have used the best fit value
for r = 0.032, for different values the allowed range for
|α| and cos δ1 changes only slightly). For other values
of |α| and cos δ1 the neutrinoless double beta decay rate
can not cancel. All the general considerations given here
are quite independent of the value of cos δ2 that is re-
lated to the difference between |mee| and |m1|. In fact
if cos δ2 ∼ 0 then |y| ≪ |x| and |mee| ∼ |m1|. We have
taken cos δ2 = 1 in Fig. (1) since it gives the lowest value
of mee.
We now turn to a theoretical derivation of the neutrino
3Li l
c
i h1,2,3 ∆s
SU(2) 2 1 2 3
A4 3 3 1, 1
′′, 1′ 1
TABLE I: Lepton multiplet structure of our simple model, see
text.
mass matrix in Eq. (2) based on the flavor symmetry A4,
the finite group of the even permutations of four objects
(for a short introduction to A4, see for instance [16] and
references therein). It has four irreducible representa-
tions, one triplet 3 and three singlets 1, 1′, 1′′. Let χ and
ϕ be two triplets of A4 then
1 ∼ (χϕ) = (χ1ϕ1 + χ2ϕ3 + χ3ϕ2),
1′ ∼ (χϕ)′ = (χ3ϕ3 + χ1ϕ2 + χ2ϕ1),
1′′ ∼ (χϕ)′′ = (χ2ϕ2 + χ1ϕ3 + χ3ϕ1),
3s ∼


2χ1ϕ1 − χ2ϕ3 − χ3ϕ2
2χ3ϕ3 − χ1ϕ2 − χ2ϕ1
2χ2ϕ2 − χ1ϕ3 − χ3ϕ1

 , 3a ∼


χ2ϕ3 − χ3ϕ2
χ1ϕ2 − χ2ϕ1
χ1ϕ3 − χ3ϕ1


(7)
and for instance [18]
1 ∼ (χϕ¯) = (χ1ϕ1 + χ2ϕ2 + χ3ϕ3).
Consider as starting point the model defined in Ta-
ble (I). We have three Higgs doublets h1,2,3 in the 1, 1
′′
and 1′ representations of A4 and one Higgs triplet ∆s
transforming as a singlet with respect to A4. The A4
invariant renormalizable Lagrangian reads
L = y1ij (Lilcj)h1 + y2ij (Lilcj)′h2 + y3ij (Lilcj)′′h3 +
+y∆sijk(LiLj)∆sk (8)
where the structure of the Yukawa interaction can be
easily obtained from the product rule in Eq. (7). Defining
〈h1〉 = v1, 〈h2〉 = v2, 〈h3〉 = v3 (9)
the charged lepton mass matrix is given as
Ml =


a b c
b c a
c a b

 (10)
where a = y1v1, b = y2v2, c = y3v3. It is diagonalized as
U †ωMlU
†
ω =


a+ b+ c 0 0
0 a+ ωb+ ω2c 0
0 0 a+ ω2b+ ωc

 ,
Uω =


1 1 1
1 ω ω2
1 ω2 ω

 (11)
with ω3 = 1. As required, the charged lepton mass ma-
trix has three distinct eigenvalues.
From the Lagrangian in Eq. (8) we have the tree level
contribution to Mν shown in Fig.(˙2):
νLi
∆s
νLj
FIG. 2: Tree level contribution to Mν .
This diagram is the type-II seesaw [17] contribution to
Mν . The tree-level diagram yields
M0ν =


z 0 0
0 0 z
0 z 0

 (12)
where z = y∆svs.
Consider now adding an A4 triplet of fermion
isotriplets Σ ∼ 3 with hypercharge zero, together with
one Higgs doublet being a singlet under A4, η ∼ 1. Both
Σ and η carry an extra Z2 quantum number. Since Σ
is in the adjoint representation of the electroweak group,
it has a Majorana mass term, see for instance [19]. We
have the following extra terms in the Lagrangian
yΣik (LiΣk)η + µkl ΣkΣl (13)
where we assume µ to break softly A4, that is
µ = mΣ


1 0 0
0 ξ 1
0 1 ξ

 . (14)
When ξ → 0, µ respects A4. In general the fermion
triplets Σi induce one-loop neutrino wave-function cor-
rections, see Fig.(˙3), giving
4νLi
η
+
νLjΣ
−
k
FIG. 3: One loop corrections to Mν induced by fermion
triplets Σi.
Rij =
yΣ
2
16pi2
∑
k
RµikR
µ∗
jkB1(m
2
Σk ,m
2
η) (15)
where mΣ1 = mΣ, mΣ2 = mΣ(−1+ ξ), mΣ3 = mΣ(1+ ξ)
are the eigenvalues of the matrix µ in Eq. (14) and
Rµ =


1 0 0
0 1/
√
2 1/
√
2
0 −1/√2 1/√2


is the orthogonal matrix that diagonalizes µ. Since the
fermion triplet masses are not degenerate, the loop cor-
rection is off-diagonal,
R =


δ1 0 0
0 δ2 δ3
0 δ3 δ2

 (16)
with
δ1 =
yΣ
2
16pi2
B1(m
2
Σ1 ,m
2
η),
δ2 =
yΣ
2
32pi2
(B1(m
2
Σ2 ,m
2
η) +B1(m
2
Σ3 ,m
2
η)),
δ3 =
yΣ
2
32pi2
(B1(m
2
Σ3 ,m
2
η)−B1(m2Σ2 ,m2η)), (17)
The neutrino mass matrix M0ν in Eq. (12), is corrected
by the one loop diagram Fig. (3) as follows
Mν =M
0
ν +RM
0
ν +M
0
νR
T . (18)
After some algebra Eqs. (11) and (18) are diagonalized
by UHPS and Mν is of the form of Eq. (2) as required.
If the Z2 symmetry is broken, η takes a vacuum ex-
pectation value 〈η〉 = u and the diagram of Fig. (4) gives
a type-III seesaw contribution [20] to the neutrino mass
matrix where the heavy Majorana neutrino of type-I see-
saw is simply replaced with Σ0 and is given by
− yΣ · µ−1 · yTΣ . (19)
νLi
η
0
η
0
νLjΣ
0
k Σ
0
l
×
FIG. 4: Type III seesaw contribution to Mν .
Then from Eqs. (12) and (19) we have
Mν =


z + β 0 0
0 βξ
ξ2−1 z − βξ2−1
0 z − β
ξ2−1
βξ
ξ2−1

 (20)
where β = y2Σu
2/mΣ. Again Mν is diagonalized by the
UHPS in the basis where charged leptons are diagonal
since in such a basis it has the form of matrix in Eq. (2)
with the eigenvalues given by
m1 =
β+z(1+ξ)
1+ξ
m2 = β + z
m3 =
β+z(1−ξ)
1−ξ .
(21)
Eqs. (21) are compatible with normal, degenerate and
inverse neutrino mass spectra. For instance when β =
−z(1 + ξ) then m1 = 0 and we have the simple relation
4r = |1− ξ|2.
If β = −z(1 − ξ) then m3 = 0. This correspond to the
inverse hierarchy and we have
r = 1− 4|1− ξ|2 .
In both cases we need ξ ∼ O(1) to reproduce data. For
|ξ| ≪ 1 we have degenerate neutrino masses.
We mention in passing that in general one could also
have the situation where both tree-level, Fig. (4), and
wave function correction, Fig. (3), contribute toMν , lead-
ing however to the same overall structure in Eq. (2). We
therefore do not discuss this “mixed” case in detail.
The above is just the simplest model with UHPS mix-
ing that meets all phenomenological requirements. Other
variants are easy to obtain. We could for example re-
place the Higgs triplet with two Higgs doublets. They
contribute proportional to z to the neutrino mass matrix
via a dimension five operator.
5Finally we mention possible accelerator tests of our
model realization. If the members of the scalar triplet
are light enough to be produced at LHC [22], the decay
pattern of the ∆++s is completely fixed by the A4 sym-
metry, and can be predicted to have only flavour diago-
nal decays Br(∆++s → e+e+) = Br(∆++s → µ+µ+) =
Br(∆++s → τ+τ+) with all Br(∆++s → l+i l+j ) = 0.
This is different from, for example, the case discussed
in [23], where the type-II seesaw is assumed to be the
only source of neutrino mass. Also the cross section for
the fermionic triplet at LHC has been recently studied
[24, 25]. If mΣ <∼ 1TeV , Σ+Σ− pairs will be produced
decaying to l+l−+2η. Again the branching ratios to the
different lepton flavors are completely fixed by the A4
symmetry. Pair produced Σ± will decay to two charged
leptons plus two η with branching ratios to the differ-
ent lepton flavours approximately fixed by our ansatz
for A4 breaking. Since the charged lepton mass ma-
trix is diagonalized by Uω, the final states can be pre-
dicted to be Br(eµ) ≃ Br(eτ), Br(µµ) ≃ Br(ττ) and
Br(ee) ≃ Br(µµ) +Br(µτ) −Br(eτ).
In summary we have pointed out new ways to model
UHPS lepton mixing from first principles. The minimal
scheme is characterized by only three parameters and re-
quires mee = 0. Five parameter schemes can produce
an arbitrary neutrino mass spectrum where mee is not
strictly predicted but related to the two Majorana phases
of the lepton mixing matrix. We have discussed one
model realization of these schemes, which interestingly
avoids the vev misalignment problem present in other
models based on A4, as a consequence of not using A4
triplet Higgses. This model is potentially testable at the
LHC if either the scalar triplet or the fermionic triplet
(or both) have mass below approximately 1TeV .
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